In this note we prove, among other results, a conjecture posed in [3] on the existence of non-dominated scalar-valued homogeneous polynomials on arbitrary infinite dimensional Banach spaces. We also obtain new information on non-coincidences for linear absolutely summing operators by exploring the cotype of the Banach spaces involved.
Introduction
The notion of p-dominated homogeneous polynomials between Banach spaces plays an important role in the nonlinear theory of absolutely summing operators; it has been recently investigated by several authors (see, e.g., [6] and references therein).
A continuous m-homogeneous polynomial P from the Banach space X to the Banach space Y is r-dominated if (P (x j )) ∞ j=1 is r m -summable in Y whenever (x j ) ∞ j=1 is weakly r-summable in X. The following conjecture was posed in [3] : Conjecture 1. There is no infinite dimensional Banach space X such that for every m ∈ N and every r ≥ 1, any continuous scalar-valued m-homogeneous polynomial on X is r-dominated.
It is known that the conjecture holds true for Banach spaces with unconditional basis (see [3, Theorem 3.2] ) and that the multilinear counterpart of the conjecture holds true as well (see Jarchow et al [12, Lemma 5.4] or [5, Proposition 3.2] ). Nevertheless the polynomial case for arbitrary infinite dimensional spaces remained open. In Section 3 we solve the conjecture in the positive. Before, in Section 2, we prove some results related to the conjecture for vector-valued polynomials which generalize previous results proved in [16] .
Background and notation
Throughout this paper n and m are positive integers, X and Y will stand for Banach spaces over K = R or C. The Banach space of all continuous m-homogeneous polynomials P : X −→ Y, with the sup norm, is denoted by P( m X; Y ). When m = 1 and Y = K we write X * to denote the topological dual of X and its closed unit ball is represented by B X * . The notation cot X denotes the infimum of the cotypes assumed by X. The identity operator on X is denoted by id X . For details on the theory of polynomials between Banach spaces we refer to [11, 15] .
Given r ∈ [0, ∞), let ℓ r (X) be the Banach (r-Banach if 0 < r < 1) space of all absolutely r-summable sequences (x j ) ∞ j=1 in X with the norm (x j ) ∞ j=1 r = ( ∞ j=1 x j r ) 1/r . We denote by ℓ w r (X) the Banach (r-Banach if 0 < r < 1) space of all weakly r-summable sequences (x j ) ∞ j=1 in X with the norm (
It is well-known that P is absolutely (p; q)-summing if and only if there is a constant C ≥ 0 so that
for every x 1 , . . . , x n ∈ X and n positive integer. The infimum of such C is denoted by P as(p;q) . The space composed by all absolutely (p; q)-summing m-homogeneous polynomials from X to Y is denoted by P as(p;q) ( m X; Y ) and · as(p;q) is a complete norm (p-norm if p < 1) on P as(p;q) ( m X; Y ). An mhomogeneous polynomial P ∈ P( m X; Y ) is said to be r-dominated if it is absolutely ( ;r) . When Y = K we write P d,r ( m X) and P( m X) instead P d,r ( m X; K), P( m X; K). For details we refer to [14] .
Coincidence results for vector-valued polynomials
The proof of the next result is a refinement of the arguments used in [16, 17] for spaces with unconditional Schauder basis, which, in their turn, were inspired in the classical paper [13] . Theorem 2.1. Let Y be a Banach space and 2 ≤ p < ∞. Suppose that Y finitely factors the inclusion ℓ p ֒→ ℓ ∞ , that is, there exist C 1 , C 2 > 0 such that for every n ∈ N, there are y 1 , . . . , y n ∈ Y so that
for every a 1 , . . . , a n ∈ K. If q < p and P as(q;r) ( m X; Y ) = P( m X; Y ), then id X is ( mpq p−q , r)-summing. Proof. Using the Open Mapping Theorem (recall that it is also valid for F -spaces -see for example [20, p. 47] ), one can find a K > 0 such that P as(q;r) ≤ K P for all continuous m-homogeneous polynomials P : X −→ Y. Let n ∈ N and x 1 , . . . , x n ∈ X be given. Consider x * 1 , . . . , x * n ∈ B X * so that x * j (x j ) = x j for every j = 1, . . . , n. Let µ 1 , . . . , µ n be scalars such that
It is clear that P ∈ P( m X; Y ). Moreover, for every x ∈ X,
We thus have P as(q;r) ≤ K P ≤ KC 2 := K 1 . Note that for k = 1, . . . , n, we have
So we have
Observing that this last inequality holds whenever n j=1 |µ j | s = 1 and that
and then
Since s s−1 mq = mpq p−q , n and x 1 , . . . , x n ∈ X are arbitrary, we conclude that id X is ( mpq p−q , r)-summing.
Remark 2.2. It is worth mentioning the differences between the assumptions of Theorem 2.1 and those of [4, Lemma 2.1]. In our present situation Theorem 2.1 does not cover the case
does not satisfy the first inequality in (1) .
In what follows we will use that for any infinite dimensional Banach space Y , sup{2 ≤ p ≤ ∞; Y finitely factors the formal inclusion ℓ p ֒→ ℓ ∞ } = cot Y (3) (see [10, Theorem 14.5] ) and that this supremum is attained (see [10, p. 304] Proof. From Corollary 2.3 we conclude that id X is ( mpq p−q , 1)-summing. Since mpq p−q > 2, using a result due to Talagrand (see [21] ) we conclude that X has cotype mpq p−q .
Observe that the result above is an interesting improvement of [16, Corollary 2] , because there, contrary to here, a Schauder basis for X is required. The next corollary is a significant generalization of [16 
Proof. By (3) we can make p −→ ∞ in Theorem 2.1 to conclude that id X is (mq +
Remark 2.6. Let X be an infinite dimensional Banach space with an unconditional Schauder basis (x n ). Define
In [16, Theorem 7] 
As to the existence of vector-valued non-absolutely summing polynomials we have: 
We finish giving some nonlinear consequences:
, then L as,r (X; X * ) = L(X; X * ) and Theorem 2.8 asserts that this is impossible for 1 ≤ r < cot X * .
Remark 2.13. (i) Since every continuous linear operator from ℓ 1 to ℓ 2 is absolutely 1-summing, it is clear that Theorem 2.8 is sharp in the sense that it does not hold true for operators into cotype 2 spaces.
(ii) Note that Proposition 2.12 is sharp in the sense that it is not valid for X * with cotype 2. For example, we will see in Remark 3.6 that P d,1 ( 2 P I) = P( 2 P I) and P d,1 ( 2 BP ) = P( 2 BP ), whereas P I * and BP * have cotype 2.
( [12] ). A straightforward consequence of the previous corollary is that if X has the BEP, then cot X * = 2.
iii) Recall that X has the bounded extension property (BEP) if every continuous bilinear form on X is extendible. A fundamental result due to Grothendieck asserts that X has the BEP if and only if
The next corollary is particularly interesting for m = 2 : 
Scalar-valued dominated polynomials
Now we proceed to show that Conjecture 1 holds true. In fact, we shall prove the following quite stronger result: P d,r ( m X) = P( m X) whenever r ≥ 1, X is an infinite dimensional Banach space and m ∈ N is so that m > r, if m ≥ 4 is even m > r + 1, if m ≥ 5 is odd.
As pointed out before, the argument used in the previous section does not work for scalar-valued polynomials, so to handle the conjecture we have to refine the argument used in Theorem 2.1. The proof will be splitted into three steps. In the first step we prove a scalar-valued version of Theorem 2.1 for m even and K = R. In the second step this result is extended to odd integers m. The third and final step is the adaptation of the previous results to the complex case. Proof. The Open Mapping Theorem gives us a constant K > 0 so that Q as(q;r) ≤ K Q for all continuous m-homogeneous polynomials Q : X −→ Y.
Let n ∈ N and x 1 , . . . , x n ∈ X be given. Consider x * 1 , . . . , x * n ∈ B X * so that x * j (x j ) = x j for every j = 1, . . . , n. Let µ 1 , . . . , µ n be real numbers such that
m for every x ∈ X.
Note that P (x) ≥ 0 for every x ∈ X. Also,
for every x ∈ X and every k = 1, . . . , n. From
It follows that
Since s s−1 mq = mq 1−q , n and x 1 , . . . , x n ∈ X are arbitrary, we conclude that id X is ( mq 1−q , r)-summing.
The last tool we need to prove Conjecture 1 is the following well known result:
Proof. Real case: Note that for m = 2 and r = 1, we have So, if P d,1 ( 2 X) = P( 2 X), following the lines of the proof of Theorem 3.3 we conclude that id X is (2; 1)-summing, but this is impossible because cot X > 2. The case m = 3 follows from Lemma 3.2 and the complex case follows by complexification.
In fact we have: Proposition 3.5. If cot X = q > 2, then P d,r ( 2 X) = P( 2 X) for 1 ≤ r < q * , where q * is the conjugate of q.
Proof. Real case: Let 1 ≤ r < q * . Combining [6, Proposition 3.4] and [10, Corollary 11.16(b) ] it is immediate that P d,r ( 2 X) = P d,1 ( 2 X). If P d,r ( 2 X) = P d,1 ( 2 X) = P( 2 X), from Theorem 3.1 we could conclude that id X is (2; 1)-summing, but this is impossible because cot X > 2.
Remark 3.6. Let us see that Proposition 3.5 is sharp in the sense that it is not valid for cotype 2 spaces. In fact, let P I be the space constructed by Pisier in [19, Theorem 3.2] and BP be the space constructed by Bourgain and Pisier in [7, Remark 2.6] . The spaces P I and BP have cotype 2 and, since P I ⊗ ε P I = P I ⊗ π P I and BP ⊗ ε BP = BP ⊗ π BP , it follows that P I and BP have the bounded extension property (BEP). So we have that (see [12] )
Combining [6, Proposition 3.4] and [10, Corollary 11.16(a) ] it is immediate that L d,2 ( 2 X) = L d,1 ( 2 X) whenever X has cotype 2. Hence
In particular, P d,1 ( 2 P I) = P( 2 P I) and P d,1 ( 2 BP ) = P( 2 BP ).
